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Orientational utuations of olloidal partiles with magneti moments may be retied with the
help of external magneti elds with suitably hosen time dependene. As a result a noise-driven
rotation of partiles ours giving rise to a marosopi torque per volume of the arrier liquid.
We investigate the inuene of mutual interations between the partiles on this rathet eet by
studying a model system with mean-eld interations. The stohasti dynamis may be desribed
by a nonlinear Fokker-Plank equation for the olletive orientation of the partiles whih we solve
approximately by using the eetive eld method. We determine an interval for the ratio between
oupling strength and noise intensity for whih a self-sustained retiation of utuations beomes
possible. The rathet eet then operates under onditions for whih it were impossible in the
absene of interations.
PACS numbers: 82.70.-y, 75.50Mm, 5.40.-a, 5.60.-k
I. INTRODUCTION
Thermal rathets or Brownian motors are devies that are able to retify thermal utuations and thereby extrat
direted motion from irregular mirosopi haos. Banished from equilibrium by the seond law of thermodynamis
they may nevertheless be found in various non-equilibrium situations (for a review see [1℄). Having being used for
a long time as thought models to highlight some subtle points in the foundations of statistial mehanis [2℄ they
beame reently objets of more pratial interest due to their possible relevane for biologial transport mehanisms
[3, 4℄ and potential appliations in nano-tehnology [5, 6, 7℄.
Among the many devies that have been proposed as Brownian motors [6℄ those based on ferrouids [8, 9℄ are of
partiular interest sine they allow a rather diret observation of the rathet eet on the marosopi level. Ferrou-
ids are suspensions of ferromagneti nano-partiles in arrier liquids like water or oil ombining the hydrodynami
behaviour of Newtonian uids with the magneti properties of superparamagnets [10℄. The orientational Brownian
motion of the ferromagneti grains an be retied with the help of a suitably hosen time-dependent magneti eld.
Due to the visous oupling between the rotation of the magneti grains and the loal vortiity of the hydrodynami
ow the angular momentum produed by the rathet is transferred to the arrier liquid and may be deteted as
hydrodynami torque per uid volume [8℄.
Although the interations between the ferromagneti partiles mediated by the arrier liquid are of ruial impor-
tane for the marosopi manifestation of the rathet eet it was negleted in the theoretial modeling done so far
[8, 9℄. In the present paper we want to remedy of this drawbak and to eluidate the inuene of diret (dipole-
dipole) and indiret (hydrodynamial) interations between the ferrouid partiles on the rathet eet in ferrouids.
This will be done using a simplied mean-eld model of interations whih allows to analytially disuss some of the
qualitative hanges that our.
General aspets of the interplay between the rathet eet and interations were already disussed in [11℄ and [1℄.
In partiular it was shown that under ertain onditions the interations may give rise to a spontaneous breakdown
of symmetries that formerly inhibited the rathet eet. The relevane of interations in biologial appliations was
investigated in [4℄.
Here we will nd by studying a onrete, experimentally aessible example of a rathet that depending on the ratio
between oupling strength and noise intensity qualitatively dierent regimes are possible. In some of these regimes a
self-sustained rathet eet may our under irumstanes for whih no suh eet would show up in the absene of
interations. The disussion will be entered around a non-linear Fokker-Plank equation for the stohasti dynamis
of the olletive orientation of the ferrouid partiles [12℄ whih is approximately solved by adapting the well-known
eetive-eld method from the theory of ferrouids [13℄ to the analytial investigation of the rathet eet in these
systems.
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2The paper is organized as follows. In setion II we introdue the model and the basi equations and derive the
non-linear Fokker-Plank equation for the olletive orientation of the ferromagneti partiles. Setion III ontains
some numerial solutions of this Fokker-Plank equation providing rst insight into the dierent regimes that are
possible in the system. In setion IV we introdue the eetive-eld method and show how it may be adapted to
the present situation. Using this method we will haraterize in Setion V the dierent regimes found in setion III,
determine their stability and disuss the dierent manifestations of the rathet eet. Finally, setion VI ontains our
onlusions.
II. THE MODEL
We onsider the overdamped dynamis of N idential spherial partiles with magneti moments mi, i = 1, ..., N ,
dispersed in a Newtonian liquid with visosity η. The partiles are under the inuene of a time-dependent external
magneti eld with onstant x-omponent and time-periodi y-omponent
H = (Hx, Hy(t), 0) , Hy
(
t+
2π
Ω
)
= Hy(t) . (1)
A suitable example for the time dependene of the y-omponent is [9℄
Hy(t) = α cos(Ωt) + β cos(2Ωt+ δ) , (2)
with the salar parameters α, β, and δ.
The hange of orientation ui = mi/mi of partile i is given by
∂tui = ωi × ui , (3)
where ωi denotes the angular veloity the partile.
The partile orientations tend to align with the magneti eld. Sine the latter is onned to the x-y plane the
average orientations will have zero z-omponents and the main eets will show up in the time-dependene of their
x- and y-omponents. To keep the analysis simple we will therefore only onsider the dynamis in the x-y plane and
put ui,z ≡ 0 for all i. It is then onvenient to parametrize the orientations in the form
ui =

cosφisinφi
0

 . (4)
In the overdamped limit the angular veloities ωi are determined by the balane of torques
0 = Nmagn,i +Nvisc,i +Nstoch,i +Nint,i . (5)
The dierent ontributions in this equation denote the magneti torque due to the interation with the external
magneti eld
Nmagn,i = mui ×H = m
(
Hx sinφi −Hy(t) cosφi
)
ez , (6)
the visous and stohasti torques
Nvisc,i = −6ηV ωi = −6ηV ∂tφ ez , (7)
and
Nstoch,i =
√
12ηV k
B
T ξi(t) ez , (8)
respetively desribing the interation with the arrier uid, and the torque arising from the interation between the
partiles
Nint,i =
K
N
N∑
j=1
uj × ui = K
N
N∑
j=1
sin(φi − φj) ez . (9)
3In the above expressions k
B
denotes Boltzmann's onstant, T temperature, and V the volume of the partiles. The
ξi(t) are idential and independent Gaussian noise soures with zero mean and orrelation
〈ξi(t)ξj(t′)〉 = δij δ(t− t′) . (10)
The interation term (9) is of mean-eld type as e.g. also advoated in [1, 14℄. Although the diret magneti dipole-
dipole interation as well as the indiret hydrodynami interation between the partiles are muh more ompliated
than the simple assumption (9) several interesting impliations of interations will beome apparent already in this
mean-eld desription.
>From (5) we nd the following set of Langevin equations desribing the stohasti dynamis of the system
∂tφi =
1
6ηV
(
mHx +
K
N
N∑
j=1
cosφj
)
sinφi − 1
6ηV
(
mHy(t) +
K
N
N∑
j=i
sinφj
)
cosφi +
√
2D ξi(t) (11)
with the diusion oeient D given by
D :=
k
B
T
6ηV
. (12)
It is onvenient to introdue dimensionless quantities by performing the resalings t → t/Ω, H → 6ηVΩ/mH,
D → Ω2D and K → 6ηV ΩK to obtain
∂tφi =
(
Hx +
K
N
N∑
j=1
cosφj
)
sinφi −
(
Hy(t) +
K
N
N∑
j=i
sinφj
)
cosφi +
√
2Dξi(t) . (13)
Equivalent to this set of Langevin equations is a Fokker-Plank equation for the joint probability distributionW (φi, t)
of the partile orientations.
As usual in a mean-eld model we are interested in the limit N →∞. It is then useful to introdue the distribution
funtion for partile orientations
P (φ, t) =
1
N
N∑
i=1
δ (φ− φi(t)) . (14)
As disussed in detail in [12, 15, 16, 17℄ P (φ, t) beomes for N → ∞ independent of the spei realization of the
noise ξi(t) (self-averaging property). Consequently the same holds true for the olletive orientation of the partiles
dened by
S(t) =
1
N
N∑
i=1
ui(t) =
∫ 2pi
0
dφ uP (φ, t) =

〈cosφ〉〈sinφ〉
0

 , (15)
where 〈.〉 denotes the average with P (φ, t). We therefore get from (13) N deoupled Langevin equations of the form
∂tφi =
(
Hx +KSx(t)
)
sinφi −
(
Hy(t) +KSy(t)
)
cosφi +
√
2Dξi(t) . (16)
The solutionW (φi, t) of the equivalent Fokker-Plank equation now fatorizes,W (φi, t) =
∏N
i=1 w(φi, t), with w(φi, t)
obeying the single-partile Fokker-Plank equation [18, 19℄
∂tw(φ, t) = ∂φ
(
w(φ, t)∂φU(φ, t)
)
+D∂2φw(φ, t) . (17)
The potential U is dened by
U(φ, t) = −u · (H(t) +KS(t)) = −(Hx +KSx(t)) cosφ− (Hy(t) +KSy(t)) sin φ , (18)
and depends parametrially on H(t) and S(t).
We may now average (14) over the realizations of the φi(t) to nd that P obeys the same equation as w,
∂tP (φ, t) = ∂φ
(
P (φ, t) ∂φU(φ, t;H(t),S(t))
)
+D∂2φP (φ, t) . (19)
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FIG. 1: Modulus S of the olletive orientation S dened in (15) as funtion of the ratio K/D between interation and disorder
strength. In the disordered phase, K/D < 2, S is identially zero, for K/D > 2 a spontaneous ordering takes plae in the
mean-eld model.
This equation is losed by (15). As harateristi for a mean-eld system we have thus redued the dynamis of
N →∞ oupled degrees of freedom to the dynamis of a single degree of freedom in an augmented eld
Hmf (t) = H(t) +KS(t) (20)
to be determined self-onsistently. For a related appliation of mean-eld tehniques to ferrouids see also [20℄.
For a stati eld, H(t) ≡ H, eq. (19) admits the stationary solution
Peq(φ) =
1
2πI0(
|Hmf |
D
)
exp
(
Hmf,x cosφ+Hmf,y sinφ
D
)
. (21)
Here and in the following In(x) denotes the n-th Bessel funtion of omplex arguments. In the absene of an external
eld, H = 0, the self-onsisteny ondition (15) takes the form
S =
(〈cosφ〉
〈sinφ〉
)
= B
(
KS
D
)
S
S
, (22)
where we introdued the funtion
B(x) =
I1(x)
I0(x)
, (23)
whih is a monotonously inreasing and satises
B(x) ∼ x
2
for x→ 0 (24)
B(x)→ 1 for x→∞ . (25)
Eq. (22) oinides with the self-onsistent equation for the ferromagneti mean-eld x-y model. The dependene of
the modulus S of the olletive orientation S on the ratio between interation and utuation strengths is shown in
Fig. 1. Note that the diretion of S in the ordered phase is arbitrary. Note also that for short range interations the
situation is rather dierent [21, 22℄.
The entral quantity of interest in onnetion with the rathet eet in the present system is the time and ensemble
averaged torque transferred from the magneti eld to the partiles [8, 9℄
〈N〉 = lim
T→∞
1
T
∫ T
0
dt 〈u〉 ×H = − lim
T→∞
1
T
∫ T
0
dt 〈∂tφ〉 ez , (26)
5where the seond equality follows from (16).
In the absene of interations between the partiles the neessary onditions for the rathet eet to operate, i.e.
for 〈Nz〉 6= 0, have been disussed in detail in [8, 23℄. In partiular it was shown by a symmetry argument that Hx = 0
implies 〈Nz〉 = 0. In the present mean-eld model the role of H is played by Hmf = H + S and it might therefore
be possible to nd 〈Nz〉 6= 0 whenever Hmf,x 6= 0. However, the latter ondition may be fullled by Hx = 0 and
Sx 6= 0. Hene we may suspet that retiation of utuations may take plae in the interating system even under
onditions for whih it would be impossible in a system without interations. Note that there is no trivial mapping
between the two ases sine Hmf,x is time dependent and has to be determined self-onsistently. Nevertheless the
detailed investigations disussed below will show that the interations between the partiles may indeed give rise to
a non-zero value of Sx whih in turn may drive the rathet eet in the system even if Hx = 0.
III. NUMERICAL SOLUTION OF THE FOKKER-PLANCK EQUATION
In the present setion we investigate some general features of the dynamis of the system under onsideration with
the help of a numerial solution of our entral equation (19). To this end we expand P (φ, t) in Fourier modes with
respet to φ
P (φ, t) =
∞∑
n=−∞
an(t) exp(inφ) (27)
with time-dependent omplex expansion oeients an(t). From (15) we then have
Sx(t) = 2πℜa1(t) (28)
Sy(t) = −2πℑa1(t) , (29)
whereas the average torque is given by
〈Nz〉 = Hxℑa1 +Hyℜa1 (30)
Using the Fourier expansion of P (φ, t) in (19) we obtain an innite system of oupled ordinary dierential equations
for the oeients an(t) of the form
(∂t +Dn
2)an(t) =
n
2
(g(t)an−1 − g∗(t)an+1) . (31)
where
g(t) = Hx − iHy + 2πKa1(t) . (32)
Starting with
a0 =
1
2π
(33)
as required by normalization of P (φ, t) we may solve the hierarhy of equations (31) iteratively up to some value nmax
of n. Using dierent values for nmax we have found that nmax = 10 is suient to get aurate numerial results.
As disussed at the end of the previous setion the ase Hx = 0 is of partiular interest. Depending on the ratio
between oupling strength and noise intensity we nd in this ase three dierent regimes whih are haraterized by
the time dependene of the average orientation S(t) as shown in Fig. 2. In the rst regime,K/D < 2, we nd Sx(t) ≡ 0
and Sy(t) hanges sign during one period of Hy(t). In the seond regime, 2 < K/D . 3.7, Sx aquires non-zero values
whereas the behaviour of Sy(t) is qualitatively similar to the rst ase. In the third regime, 3.7 . K/D, we have
again Sx ≡ 0 but now Sy(t) is positive for all t. Similar regimes have been disussed also for the spherial model [24℄
and the anisotropi x-y model [25℄ in time dependent external elds.
As disussed in the previous setion the symmetry analysis performed in [8℄ implies that for Hx = 0 and Sx = 0 no
rathet eet is possible. Aordingly, using (30) we nd 〈Nz〉 = 0 in regimes 1 and 3. In regime 2 we have Sx 6= 0
whih allows non-zero values of 〈Nz〉. This is indeed what we nd with, however, two peuliarities. First, the values
for 〈Nz〉 are extremely small as long as K/D is still near to the value 2 separating region 2 from region 1 (f. Fig. 3).
Seond, for values of K/D around the transition from region 2 to region 3 the system apparently relaxes very slowly
to its asymptoti behaviour and it beomes very diult to extrat reliable values for 〈Nz〉 from the numeris. The
dependene of 〈Nz〉 on the ratio K/D as obtained numerially is summarized in Fig. 3.
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FIG. 2: Typial time dependene of the olletive orientation S in the three dierent regimes desribed in the text. Shown
are Sx(t) (dashed lines) and Sy(t) (solid lines). The parameter values are Hx = 0, α = β = 1/
√
2, and K = 3. (a) Regime 1:
D = 2.4, 〈Nz〉 = 0 (b) Regime 2: D = 1.2, 〈Nz〉 = 3.5 10−5 () Regime 3: D = 0.6 〈Nz〉 = 0.
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FIG. 3: Numerial results for the time averaged torque 〈Nz〉 for Hx = 0 as a funtion of the disorder strength D for K = 3, α =
β = 1/
√
2,Hx = 0. The vertial dashed lines divide the dierent regimes from eah other (1.5 < D, regime 1; 0.8 < D < 1.5,
regime 2; D < 0.8, regime 3). In the interval indiated by the dotted lines, 0.75 < D < 0.86, no asymptoti value of 〈Nz〉 ould
be obtained after 200 periods of driving.
7IV. EFFECTIVE FIELD APPROXIMATION
In order to obtain an improved understanding of the numerial results obtained in the previous setion we now turn
to an approximate analytial analysis of the system. A valuable tool in this respet is the eetive eld approximation
for ferrouids as extensively reviewed in [13℄. To apply this approximation in the present ontext the following steps
are performed. From the entral equation (19) we derive an exat equation for the time evolution of 〈u〉 of the form
∂t 〈u〉+D 〈u〉 = −〈u(u ·Hmf )〉+Hmf . (34)
where Hmf is determined by (20). In order to deouple the higher moment on the r.h.s. of (34) we approximate the
unknown distribution P (φ, t) by an instantaneous equilibrium distribution of the form (21) orresponding to a so far
undetermined eetive magneti eld He(t)
P (φ, t) ≃ 1
2πI0(
He
D
)
exp
(
He,x cos(φ) +He,y sin(φ)
D
)
. (35)
Using this distribution to alulate the averages in (34) and using (f. (22))
S = B
(
He
D
)
He
He
(36)
the following evolution equation for the eetive eld He(t) may be derived
∂t
[
B
(
He
D
)
He
He
]
= −He − 2DB
(
He
D
)
H3e
He × (He ×Hmf)−
B
(
He
D
)
He
(He −Hmf ) . (37)
With the help of
Hmf = H+KB
(
He
D
)
He
He
(38)
whih follows from (20) and (36) and representing He by modulus and phase aording to He = He(cosϕ, sinϕ) we
nd the following losed set of nonlinear ordinary dierential equations for the time evolution of the eetive eld
∂t
(He
D
)
= −
D
He
B
(
He
D
)
1− D
He
B
(
He
D
)
−B2
(
He
D
) (He −KB
(
He
D
)
−Hy(t) sinϕ
)
(39)
∂tφ =
1− D
He
B
(
He
D
)
B
(
He
D
) Hy(t) cosϕ . (40)
These equations annot be solved analytially, however their numerial solution is muh simpler than the numerial
solution of the Fokker-Plank equation (19). As shown in Fig. 4 the results provide rather aurate estimates for the
relevant quantities.
V. DIFFERENT MANIFESTATIONS OF THE RATCHET EFFECT
With the help of the eetive eld approximation it is possible to gain a more intuitive understanding of the
existene of dierent regimes of the system behaviour as found in setion III. Moreover, their stability as well as the
operation of the rathet eet in the dierent regimes may be eluidated.
Using the evolution equation for the eetive eld (39),(40) and the relation (36) between the average olletive
orientation S and the eetive eld we may write the time evolution of S in the form
∂tS = −∇V (S) + F (H,S) . (41)
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FIG. 4: Time averaged values of the x-(solid lines and rosses) and y-omponent (dashed lines and irles) of the average
orientation S as funtion of the noise strength D. The other parameter values are as in Fig. 2. Lines are numerially exat
results from the Fokker-Plank equation (19) whereas symbols denote the results obtained from the numerial solution of the
eetive eld equations (39) and (40).
The r.h.s. of (41) was split into a entral potential term inorporating the eets of diusion and interation and an
external fore eld related to H(t). Note that 0 ≤ S ≤ 1 always.
Let us rst disuss the potential part. It is given by
V (S) =
D
2
S2 −K
∫ S
0
dS′
S′2
B−1(S′)
, (42)
where B−1 denotes the inverse funtion of B dened in (23). Hene B−1 is linear for small values of S and tends to
innity for S → 1 (f. (24),(25)). For small values of K/D the potential V (S) therefore has a minimum at S = 0
whereas for K/D > 2 it develops a non-trivial minimum at Seq > 0 (f. Fig. 5, left olumn). From (38) and (40) the
orresponding equilibrium value of the eetive eld satisfying
B
(
Heq
D
)
= Seq (43)
is determined by
Heq = KB
(
Heq
D
)
. (44)
We note that with inreasing K also Seq inreases (see Fig. 5). In the absene of an external magneti eld, H = 0,
the stationary solution Seq of the eetive eld equations oinides with the exat equilibrium solution of the Fokker-
Plank equation (19).
For the external fore eld we get
F (t) =
S
B−1(S)
Hy(t) sinϕ er +
(
1− S
B−1(S)
)
Hy(t) cosϕ eϕ . (45)
For small values of S this eld is parallel to the external magneti eld H. For S → 1 on the other hand the radial
omponent in F is suppressed and only the tangential term survives (f. Fig. 5, middle olumn). This is quite intuitive
90 0.5 1
0
0.2
0.4
0.6
S
V
−1 0 1
−1
−0.5
0
0.5
1
S
x
S y
−1 0 1
−1
−0.5
0
0.5
1
S
x
S y
0 0.5 1
−0.1
0
0.1
0.2
S
V
−1 0 1
−1
−0.5
0
0.5
1
S
x
S y
−1 0 1
−1
−0.5
0
0.5
1
S
x
S y
0 0.5 1
−0.3
−0.2
−0.1
0
S
V
−1 0 1
−1
−0.5
0
0.5
1
S
x
S y
−1 0 1
−1
−0.5
0
0.5
1
S
x
S y
FIG. 5: Plot of the dierent terms ontributing to the r.h.s. of (41) for Hx = 0, K = 3 and a time t for whih Hy(t) = 1. The
rst line orresponds to D = 1.6 (regime 1), the seond one to D = 1.2 (regime 2), and the third one to D = 0.6 (regime 3).
Shown are the potential V (S) dened in (42) in the left olumn, the external fore eld F dened in (42) in the middle olumn
and the total resulting fore eld in the right olumn. The dashed line in the middle olumn marks the equilibrium value Seq.
sine for S → 1 all magneti moments are aligned and therefore the external eld indues idential hanges to their
orientations giving rise to a hange in the orientation of S only.
For small values of the external magneti eld S will only slightly dier from its equilibrium value Seq. We will
hene nd S ≃ 0 for small values of K/D whih was harateristi of regime 1. Larger values of K/D result in values
of S diering substantially from zero. From (45) it is then lear, that ϕ = π/2 is a possible steady state sine in
this ase F is parallel to ey and there is hene no systemati fore deeting S from the orientation along the y-axis.
This situation orresponds to regime 3. Finally, there is also a steady state solution with s > 0 and ϕ ≃ 0 (regime 2),
whih is, however, not obvious from (45).
We will now give a simple argument for the transition between regime 2 and regime 3 whih allows to derive an
estimate for the threshold value of K/D separating these two regimes. Sine the potential part in (41) only inuenes
the modulus of S the time evolution of the angle ϕ is solely given by
∂tϕ =
1
S
Fϕ . (46)
Assume now that at some given point of time we have 0 < ϕ(t) < π/2. As long as Hy(t) is positive (as in Fig. 5) S
will be pushed in positive y-diretion (f. Fig. 5, right olumn) implying a slight inrease of S beyond the value Seq.
Similarly, when somewhat later Hy(t) hanges sign and beomes negative S will be pushed in negative y-diretion
and S will slightly derease. Simultaneously ϕ hanges aording to (46), i.e. inreases when Hy(t) > 0 and dereases
when Hy(t) < 0. However, the rate of hange depends on S(t). A rough estimate on whether the inrease of ϕ
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dominates over its derease or vie versa may be obtained from the quantity
J(ϕ) =
∂
∂S
(
Fϕ
Hy(t)S
)∣∣∣∣
S=Seq
. (47)
If J(ϕ) < 0 the derease of ϕ will dominate, if J(ϕ) > 0 its inrease. Remarkably, although J depends on ϕ its sign
depends only on the ratio K/D. Hene either ϕ dereases all the time until it reahes ϕ = 0 and we are in regime 2
or it inreases up to ϕ = π/2 orresponding to regime 3. An expliit alulation yields
J =
K2(H2eq +DK +D
2 −K2)
H2eq(K
2 −DK −H2eq)
(48)
As shown in the appendix, the denominator is positive for all values K/D > 2. The ondition for the stability of
regime 2 J < 0 is hene
H2eq +KD +D
2 −K2 < 0 , (49)
whih together with (44) yields that regime 2 is stable if
B
(√
K2
D2
− K
D
− 1
)
<
√
1− D
2
K2
− D
K
(50)
or equivalently
K
D
< 3.75... . (51)
As we will see in subsetions VB and VC below a more systemati investigation of the stability of regimes 2 and
3 will give rise to the same result (f. (85),(100)).
A. Regime 1
Regime 1, haraterized by K/D < 2, is the most relevant for ferrouids. There is no spontaneous olletive
orientation, i.e. S = 0, and aordingly we must have Hx 6= 0 in order to nd a noise indued rotation. The situation
is hene similar to the ase without interation, nevertheless we will show that the interations bring about a strongly
reinfored rathet eet.
To obtain a quantitative estimate of this reinforement we use a variant of the perturbation theory for small values
of the external eld introdued in [8℄. To keep trak of the dierent orders in the expansion it is onvenient to use
the resaling
H→ ǫH . (52)
We then solve the Fokker-Plank equation (19) using the expansion
P = P (0) + ǫP (1) + ǫ2P (2) + ǫ3P (3) + ... (53)
with the unperturbed solution given by
P (0) =
1
2π
. (54)
Using (27) this ansatz gives rise to a similar expansion for the oeients an with n > 0
an = ǫa
(1)
n + ǫ
2a(2)n + ... (55)
whereas a0 is to all orders in ǫ xed by the normalization ondition to
a0 =
1
2π
. (56)
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The peuliarity of the rst regime is that S → 0 when H → 0. We may therefore onsistently employ a similar
expansion for the olletive orientation S,
S = ǫS1 + ǫ2S2 + ... . (57)
The rst non-zero result for 〈Nz〉 is obtained in fourth order in ǫ. From (30) we infer that we hene need a1 up to
third order. Similar to [8℄ we nd to rst order in ǫ(
∂t +D − K
2
)
a
(1)
1 =
Hx − iHy(t)
4π
, (58)
and to seond order (
∂t +D − K
2
)
a
(2)
1 = 0 (59)
(∂t + 4D)a
(2)
2 = (Hx − iHy)a(1)1 + 2πKa(1)1 a(1)1 (60)
In the rst regime we have D −K/2 > 0. From (59) we then get a(2)1 (t)→ 0 for t→∞. To third order we nd(
∂t +D − K
2
)
a
(3)
1 = −
Hx + iHy
2
a
(2)
2 − πKa(1)−1a(2)2 . (61)
Using the speial time dependene (2) and solving for the asymptoti behaviour of a
(1)
1 and a
(3)
1 we nd for the torque
(30) after some algebra
〈Nz〉 = 6Hxα2β
{ (
128D5K − 64D4K2 + 40D3K − 20D2K2 + 8DK − 2K2) sin δ
(16D2 + 1)(4D2 − 4DK +K2 + 4)2(2D −K)(4D2 − 4DK +K2 + 16)(4D2 + 1)
+
(
184D5 + 68D4K + 58D3K2 + 200D3 + 8D2K − 3D2K3 + 16D + 6DK2 + 4K) cos δ
(16D2 + 1)(4D2 − 4DK +K2 + 4)2(2D −K)(4D2 − 4DK +K2 + 16)(4D2 + 1)
}
. (62)
For K = 0 this expression simplies to [8℄
〈Nz〉 = 3Hxα
2β
8
(23D2 + 2) cos δ
(4D2 + 1)(D2 + 4)(D2 + 1)(16D2 + 1)
, (63)
whih oinides with the result found in [8℄ when speialized to the x-y plane, i.e., to θ ≡ π/2. Fig. 6 shows the torque
as funtion of the phase angle δ for dierent values of the interation strength K. It is learly seen that although
the interation is in regime 1 too weak to indue qualitative hanges in the behaviour the value of the noise-indued
torque is greatly enhaned by the interation between the partiles.
B. Regime 2
In regime 2 the interations between the partiles give rise to a non-zero value of the x-omponent Sx of the
olletive orientation S. This breaks the symmetry x 7→ −x even in the absene of an x-omponent of the external
eld, Hx = 0, and results in an interation sustained rathet eet in the system. In the present subsetion we derive
an approximate solution of the eetive eld equations (39),(40) harateristi for this regime and disuss its stability.
To obtain an approximate analytial solution valid in the long-time limit we resort again to perturbation theory and
assume that H is muh smaller than the equilibrium value Heq of the eetive eld He. This assumption an easily
be met if we are suiently far from the boundary of regime 2, K/D = 2, at whih Heq tends to zero. To formally
organize the perturbation expansion it is again onvenient to employ the resaling (52) and to write the solution of
the eetive eld equations (39),(40) as power series in ǫ
He = H
(0)
e + ǫH
(1)
e + ǫ
2H(2)e + ... (64)
ϕ = ϕ(0) + ǫϕ(1) + ǫ2ϕ(2) + ... , (65)
12
0 1 2 3 4 5 6
−4
−3
−2
−1
0
1
2
3
4
x 10−4
δ
      
<
N
z>
FIG. 6: The time averaged torque in regime 1 as funtion of the phase δ in the time dependene (2) for dierent values of the
oupling strength K. The symbols are results from the numerial solution of the Fokker-Plank equation (19), the lines show
the results of the perturbation theory outlined above. The parameter values are Hx = α = β = 1/
√
6, D = 1.6, and K = 0
(dashed line and irles), K = 0.5 (solid line and rosses) and K = 1 (dashed-dotted line and diamonds) respetively.
where H
(0)
e = Heq and ϕ
(0)
is not speied at this stage. Using these ansätze in (39),(40) and mathing powers of ǫ
we nd to rst order
∂tH
(1)
e = D
K2 −H2eq − 2KD
K2 −H2eq −KD
H(1)e +D
2K
sinϕ0
K2 −H2eq −KD
Hy(t) (66)
∂tϕ
(1) =
(K −D) cos(ϕ0)
Heq
Hy(t) . (67)
These equations an be solved for arbitrary ϕ0. The seond order equations are rather long and will not be displayed
in full generality. However, as typial for degenerate perturbation theory, the seond order equations may ontain
seular terms. In the present ase this happens unless either ϕ0 = ±π/2 or
∫ 2pi
0
dtHy(t)H
(1)
e (t) = 0. The rst
ondition orresponds to regime 3 to be disussed in the next subsetion. The seond one is equivalent to ϕ0 = 0 as
follows from (66) and is therefore the ondition appropriate for the present investigation of regime 2. Using ϕ0 = 0
and the spei form (2) of the time dependene of Hy(t) the rst order solution tends for large t to
H(1)e = 0 (68)
ϕ(1) =
K −D
Heq
(
α sin(t)− β
2
cos(2t)
)
+ ϕm , (69)
where ϕm is an integration onstant. Using these results the seond order equations greatly simplify and take the
form
∂tH
(2)
e = −AH(2)e +BHy(t)ϕ(1) (70)
∂tϕ
(2) = 0 , (71)
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with
A = D
K2 − 2KD −H2eq
H2eq +KD −K2
(72)
B = − D
2K
H2eq +KD −K2
. (73)
Hene ϕ(2) is a onstant and H
(2)
e may easily be alulated for all values of ϕm. However, this solution produes
seular terms in the third order equations unless∫ 2pi
0
dtHy(t)H
(2)
e (t) = 0 (74)
implying
ϕm =
3βα2(A2 + 2)
4(α2A2 + β2A2 + 4α2 + β2)
K −D
Heq
. (75)
This result for ϕm ompletes the rst order solution of the eetive eld equations. Higher orders may be obtained
along the same lines but will not be onsidered here.
For the olletive orientation we then obtain to rst order in the external eld
Sx =
Heq
K
(76)
Sy =
Heq
K
ϕ(1) . (77)
From (69) we hene infer that the time average of Sy is diretly related to ϕm,
Sy =
Heq
K
ϕm . (78)
Fig. 7 ompares the rst order results obtained above with numerially exat results from the Fokker-Plank equation
(19) for dierent parameter values. The agreement is rather good showing that both parameter sets for α and β
orrespond to external eld strengths well within the region of validity of the perturbation theory.
We now turn to the investigation of the stability of the rst order solution given by (68),(69), and (75). To this end
we add small deviations δHe and δϕ to this solution and study their time evolution by linearizing (39), (40) around
H
(1)
e (t), ϕ(1)(t) [26℄. In this way we nd
∂t
(
δHe
δϕ
)
=
(
a11 −a12Hy(t)
a21Hy(t) 0
)(
δHe
δϕ
)
, (79)
where
a11 =
H2eq + 2DK −K2
H2eq +DK −K2
= −A (80)
a12 =
HeqD
2K
H2eq +DK −K2
= −B (81)
a21 =
KD +H2eq +D
2 −K2
H2eqD
. (82)
We are interested in the stability of the xed point δHe = δϕ = 0 of this system. Beause of the periodi time
dependene of the oeient matrix in (79) a general analysis requires Floquet theory [26℄. However, the speial form
of (79) allows us to use a more diret method.
We rst note that one an show (see appendix) a11 < 0 within regime 2. We next dene the funtion
V (δHe, δϕ) =
a21
2
(a21δH
2
e + a12δϕ
2) . (83)
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FIG. 7: (a) Time average of the y-omponent Sy of the olletive orientation S in regime 2 as funtion of the noise strength
D for interation parameter K = 3. Symbols are numerial results from the Fokker-Plank equation, lines show perturbative
results from the eetive eld equations. The solid line and the rosses are for α = β = 1/
√
2, the dashed line and the irles
are for α = β = 0.3. (b) Time evolution of the y-omponent of the orientation vetor S in regime 2. The noise intensity is
D = 1.2, all other parameter values are as in (a).
For its time derivative we nd
dV
dt
= a221a11H
2
e < 0 . (84)
Moreover if
a21a12 > 0 (85)
we have for all values of δHe and δϕ
V (δHe, δϕ) ≥ 0 (86)
with equality being valid only for δHe = δϕ = 0. V (δHe, δϕ) is hene a Lyapunov funtion [27℄ of the system (79)
and the point δHe = δϕ = 0 is stable as long as (85) holds. From (81) one nds a12 < 0 (see appendix) within regime
2 and hene the rst order solution H
(1)
e (t), ϕ(1)(t) is stable if a21 < 0. From (82) it is seen that this ondition is
idential with (49). We hene nd again that regime 2 is stable if
2 <
K
D
. 3.75 . (87)
Note that the entire stability analysis performed above is valid only to rst order in the external eld strength.
C. Regime 3
Similarly to the previous subsetion we are now using the eetive eld equations (39),(40) to derive an approximate
analytial solution typial for regime 3 and to disuss its stability. In regime 3 we have ϕ = π/2 (the ase ϕ = −π/2
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FIG. 8: Time evolution of the y omponent of the orientation vetor S in regime 3. Symbols are numerial results from the
Fokker-Plank equation, lines show perturbative results from the eetive eld equations. The parameters are D = 0.6 and
K = 3, as well as α = β = 0.3 (rosses and full line) and α = β = 0.1 (irles and dashed line)respetively.
an be dealt with similarly) and we nd from (39),(40)
∂t
(He
D
)
= −
D
He
B
(
He
D
)
1− D
He
B
(
He
D
)
−B2
(
He
D
) (He −KB
(
He
D
)
−Hy(t)
)
(88)
∂tϕ = 0 . (89)
From the seond equation we get immediately ϕ ≡ π/2. The rst equation determines He(t) and annot be solved in
losed form. Fousing again on the situation of small external elds we use (64) and obtain for the rst order term
the equation
∂tH
(1)
e = −AH(1)e +BHy(t) (90)
with A and B dened by (72) and (73) respetively. The solution is given by
H(1)e = B e
−At
∫
dtHy(t) e
At . (91)
For the speial time dependene (2) we nd for large t
H(1)e = Bα
A cos(t) + sin(t)
A2 + 1
+Bβ
A sin(2t)− cos(2t)
A2 + 4
. (92)
In Fig. 8 this result is ompared with the solution of the Fokker-Plank equation showing again good agreement for
the parameter values hosen.
We now turn to the investigation of the stability of the rst order solution. In view of the form of the potential
V (S) in regime 3 (see Fig. 5 rst olumn, last line) it is reasonable to assume that the state will be destabilized by
perturbations in ϕ. Restriting ourselves to this ase we use He(t) as determined above, set ϕ(t) = π/2 + δϕ(t), and
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determine the linearized time evolution of δϕ(t). From (40) we get
∂tδϕ = −
1− D
He
B
(
He
D
)
B
(
He
D
) Hy(t) δϕ (93)
with solution
δϕ(t) = δϕ0 exp
(
−
∫ t
0
dt′
1− D
He
B
(
He
D
)
B
(
He
D
) Hy
)
. (94)
Sine both Hy and He are 2π-periodi funtions of time this solution may be written in the form
δϕ(t) = δϕ0 e
−a0t f(t) , (95)
where f(t) is also 2π-periodi and a0 is the onstant term in the Fourier expansion of the exponent in (94) and
therefore given by
a0 =
1
2π
∫ 2pi
0
dt
1− D
He
B
(
He
D
)
B
(
He
D
) Hy . (96)
Using the rst order solution He(t) = Heq +H
(1)
e (t) we nd
a0 =
(DK +D2 −K2 +H2eq)
2πH2eqD
∫ 2pi
0
dt′H(1)e (t
′)Hy(t
′) . (97)
The integral in this expression is in regime 2 and in regime 3 always positive as an be shown by expanding Hy(t) in
a Fourier series
Hy =
∞∑
n=−∞
bne
int
(98)
and using (91). We then nd
1
2π
∫ 2pi
0
dtH(1)e (t)Hy(t) =
∞∑
n=0
B
n2 +A2
|bn|2 ≥ 0 , (99)
sine B > 0 as demonstrated in the appendix. Hene the sign of a0 as given by (97) depends solely on the prefator
and the solution is unstable if
DK +D2 −K2 +H2eq < 0 . (100)
This ondition is again idential with (50) and we hene nd that regime 3 beomes unstable at the same value of
K/D at whih regime 2 beomes stable.
VI. CONCLUSIONS
In the present paper we have theoretially analyzed the inuene of partile-partile interations of the mean-eld
type on the rathet eet in ferrouids. We have used the simplied mean-eld model beause the details of the
realisti dipole-dipole and hydrodynami interations are too ompliated for a general disussion. On the other
hand, several qualitative eets whih may be expeted to show up in ase of these realisti interations an already
be disussed within the mean-eld approah.
Quite generally we have found that interations that favour the parallel alignment of the magnetizations of the
ferrouid partiles reinfore the rathet eet. In the present situation this means that the magneti torque per
volume of the ferrouid is enhaned. Although intuitive this result in by no means trivial sine the oupling between
the ferromagneti grains is also likely to redue their orientational utuations whih are the driving fore of the
rathet eet.
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Moreover we have shown that for suiently strong oupling giving rise to a spontaneous symmetry breaking with
respet to the olletive orientation of the grains the rathet eet may be brought about for situations in whih it
ould not operate in the absene of interations. In the present system this happens for a purely osillating external
magneti eld without onstant omponent in the x-diretion. In this ase and without interations no rathet eet is
possible due to symmetry reasons whereas a spontaneous breaking of the relevant symmetry aused by the interations
may indue a retiation of utuations.
For even stronger oupling strength between the partiles this self-sustained rathet eet again disappears. The
partile orientations are now highly aligned and losely follow the diretion of the external eld. Flutuations are
therefore suppressed and no retiation is possible anymore.
Our analysis builds on the non-linear Fokker-Plank equation (19) for the olletive orientation (15) of the ferrouid
partiles. A rst insight into the behaviour of the system is gained from a numerial solution of this equation. We then
use a variant of the eetive eld method, whih is a well-known tool in the theory of ferrouids, to get approximate
analytial results for the transitions between and stability of the dierent regimes of operation of the ferrouid rathet.
The entral parameter distinguishing the dierent regimes is the ratio between the dimensionless oupling onstant
K and the intensity of the utuationsD. ForK/D < 2 no self-sustained rathet eet is possible sine the interations
are too weak to indue a spontaneous symmetry breaking. For 2 < K/D < 3.75 a self-sustained rathet eet may be
observed with a wide spetrum of values for the transferred angular momentum. For 3.75 < K/D the self-sustained
rathet eet disappears again due to an instability in the steady state solution for the olletive orientation of the
partiles.
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APPENDIX A
In this appendix we determine the signs of some expressions needed to determine the stability of regimes 2 and 3.
In these regimes we have K/D > 2 the value of Seq is determined by the non-trivial minimum of the potential V (S).
From (42) we nd by dierentiation
D
K
=
Seq
B−1(Seq)
(A1)
verifying that Seq depends only on the ratio K/D. Using the properties of the funtion B(x) dened in (23) one an
show that for all S ∈ [0, 1]
1− S
B−1(S)
≥ S2 . (A2)
This in turn implies
K2 −DK −K2S2eq ≥ 0 (A3)
and using (43) we nd
K2 −DK −H2eq ≥ 0 . (A4)
Due to (73) and (81) this immediately implies
B = −a12 = − D
2K
H2eq +KD −K2
≥ 0 . (A5)
Using again the properties of the funtion B(x) one an also show
1− 2 S
B−1(S)
≤ S2 . (A6)
Similar manipulations as used above then yield for K/D >2
K2 − 2DK −H2eq ≤ 0 (A7)
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from whih by using (72) and (80) we nd
A = −a11 =
D(K2 − 2KD −H2eq)
H2eq +KD −K2
≥ 0 . (A8)
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